In this paper we state some applications of Gr-category theory on the classification of crossed modules and on the classification of extensions of groups of the type of a crossed module.
Introduction
Theory of Gr-categories, or 2-groups, and its generality are getting more and more applications. The relationship among Gr-categories, cohomology of groups, and extensions of groups is stated in [9] . The results on group extensions of the type of a crossed module are also presented by cohomology of groups in [2, 3, 4] . These motivate our studies on the representation of the concepts related to crossed modules by Gr-categories, and then one can apply the results of Gr-categories for crossed modules.
A Gr-category [10] is a monoidal category in which every morphism is invertible and every object has a weak inverse. (Here, a weak inverse of an object x is an object y such that x ⊗ y and y ⊗ x are both isomorphic to the unit object.)
A strict Gr-category is a strict monoidal category in which every morphism is invertible and every object has a strict inverse (so that x ⊗ y and y ⊗ x are actually equal to the unit object).
Strict Gr-categories can be identified with crossed modules, thus Grcategories in general can be seen as a weakening of crossed modules.
A strict Gr-category is a group object in Cat. R. Brown and C. Spencer [5] studied group objects in the category of groupoids under the name Ggroupoid, or group-groupoid by R. Brown and O. Mucuk in [3] . In [5] the authors stated the construction of a crossed module from a G-groupoid and that of a G-groupoid from a crossed module. They are repeated by Forrester -Barker [7] as a G-groupoid is replaced by a strict Gr-category (see also J. Baez and A. Lauda [1] ) thanks to the notion of internal categories.
In present paper, we show directly the above constructions based on strict Gr-categories, and prove that the strong homotopy category HoGrstr of strict Gr-categories and single Gr-functors is isomorphic to the category Cross of crossed modules (Theorem 6).
One obtains the first applications of the Gr-category theory as follows. In the classical method, the factor set of a homomorphism h : G → H is only defined if h is a surjection. For the general case, we can overcome this limitation by building a Gr-functor between two appropriate Gr-categories. Then the results of Gr-category theory become the useful device to study crossed modules.
For any crossed module B → D and a group homomorphism ψ : Q → Cokerd of an extension problem of type B → D (see [3, 4] ), we construct a strict Gr-category P. Then, for a Gr-functor F : Dis Q → P we can determine an associated extension of the type of a crossed module. Therefore, there is a bijection (Theorem 9) 
Preliminaries
For convenience, we recall here some well-known results on Gr-categories and Gr-functors (see [9] ).
We often denote by (G, ⊗, I, a, l, r) a Gr-category. If (F, F , F * ) is a monoidal functor between Gr-categories, it is called a Gr-functor. Then the isomorphism F * : I ′ → F I can be deduced from F and F . Hereafter, we refer to (F, F ) as a Gr-functor.
Two Gr-functors (F, F ) and (F ′ , F ′ ) from G to G ′ are homotopic if there is a natural monoidal equivalence, or a homotopy α : (F, F , F * ) → (F ′ , F ′ , F ′ * ) which is a natural isomorphism such that
A Gr-category is equivalent to one of type (Π, A), which can be described as follows. The set π 0 G of isomorphism classes of the objects in G is a group with the operation induced by the tensor product in G, and the set π 1 G of automorphisms of the unit object I is an abelian group with the operation, denoted by +, induced by the composition of morphisms. Moreover, π 1 G is a π 0 G-module under the action
where δ X , γ X are defined by the following commutative diagrams
The reduced Gr-category S G of G is a category whose objects are the elements of π 0 G and whose morphisms are automorphisms (s, u) : s → s, where s ∈ π 0 G, u ∈ π 1 G. The composition of two morphisms is induced by the addition in
The category S G is equivalent to G by canonical equivalences constructed as follows. For each s = [X] ∈ π 0 G, choose a representative X s ∈ G such that X 1 = I, and for each X ∈ s choose an isomorphism i X : X s → X such that i Xs = id. The family (X s , i X ) is called a stick of the Gr-category G whenever i I⊗Xs = l Xs , i Xs⊗I = r Xs .
For given stick (X s , i X ), we obtain two functors
Two functors G and H are categorical equivalences by natural transformations
They are canonical equivalences. With the structure transport by the quadruple (G, H, α, β), S G becomes a Gr-category together with the following operations
The unit constraints of the Gr-category S G are therefore strict, and its associativity constraint is a s,r,t = (srt, k(s, r, t)), where
Moreover, the equivalences G and H become Gr-equivalences together with natural isomorphisms
The Gr-category S G is called a reduction of the Gr-category G. S G is said to be of type (Π, A, k), or simply type (Π, A) if π 0 G, π 1 G are replaced with the group Π and the Π-module A, respectively.
Let
where H, G ′ are canonical equivalences.
Note that if Π ′ -module A ′ is considered as a Π-module under the action xa ′ = ϕ(x).a ′ , then f : A → A ′ is a homomorphism of Π-modules. The compatibility of (F, F ) with the associativity constraint gives
where
is called an obstruction of the functor F. We have
). The functor F : S → S ′ of type (ϕ, f ) induces a Grfunctor if and only if its obstruction ξ vanishes in H 3 (Π, A ′ ). Then, there is a bijection
is the set of homotopy classes of the Gr-functors of type (ϕ, f ) from S to S ′ . 
where µ x is an inner automorphism given by conjugation of x.
In present paper, the crossed module (B,
For convenience, we denote by the addition for the operation in B and by the multiplication for that in D.
The following properties follow from the definition of a crossed module.
iii) The homomorphism θ induces a homomorphism ϕ :
iv) Kerd is a left Cokerd-module under the action
For any crossed module (B, D, d, θ) we can construct a strict Gr-category P B→D = P called the Gr-category associated to the crossed module B → D, as follows.
where x, y are objects of P. The composition of two morphisms is given by
The tensor operation on objects is given by the multiplication in the group D, and for two morphisms (x
By the definition of a crossed module, we can easily check that P is a Grcategory with the identity constraints.
Conversely, for a strict Gr-category (P, ⊗) we define an associated crossed module C P = (B, D, d, θ) as follows. Set
The operations of D and of B are given by
respectively. Then D becomes a group in which the unit is 1, the inverse of x is x −1 (x ⊗ x −1 = 1). B is a group in which the unit is the morphism 
and f 1 is an operator homomorphism, i.e. for all x ∈ D, b ∈ B,
be a morphism of crossed modules. Let P and P ′ be two Gr-categories associated to crossed
ii) A natural isomorphism F x,y : F (x)F (y) → F (xy) together with F is a Gr-functor if and only if F x,y is a constant c ∈ Kerd ′ and
We say that F is a Gr-functor of form (f 1 , f 0 ).
Proof. i) By the determination of the Gr-category associated to a crossed module, one can easily check that F is a functor. ii) We define a natural isomorphism
such that F = (F, F ) becomes a Gr-functor. We first see that if (x b → y)
and (x ′ b ′ → y ′ ) are morphisms in P, then
Since f 1 is a group homomorphism and by (6) we have
Besides, F (x)F (y) = F (xy) and
The natural isomorphisms F x,y (if they exist) must satisfy the diagram
From (8) and
Write F x,y = c. The compatibility of (F, F ) with the associativity con-
A Gr-functor (F, F ) :
We state the converse proposition of Proposition 4.
Proposition 5. Let P, P ′ be corresponding Gr-categories associated to the crossed modules (B, D, d, θ), (B ′ , D ′ , d ′ , θ ′ ), and F : P → P ′ be a single Grfunctor. Then, F induces a morphism of crossed modules (
Proof. Any b ∈ B can be considered as a morphism (db
For each x, y ∈ D, since (F xF y Fx,y −→ F (xy)) is a morphism in P ′ , and since F x,y is in Aut(1 ′ ) = Kerd ′ , we obtain
Besides, (f 0 (x)
That means the diagram (5) commutes. Now, since F x,y ∈ Kerd ′ , the commutative (9) implies (8) . According to the determination of
Hence
, for all b ′ ∈ B, y ∈ D, or (6) holds. We write Grstr for the category of strict Gr-categories and simple Grfunctors. Two Gr-functors (F, F ) and (G, G) are strong homotopic if they are homotopic and F = G. We can define the strong homotopy category HoGrstr of Grstr to be the quotient category with the same objects, but morphisms are homotopy classes of monoidal functors. We write Hom Grstr [P, P ′ ] for the homsets of the homotopy category, that is,
Let Cross for the category of crossed modules, we obtain the similar result to Theorem 1 [5] Theorem 6 (Classification Theorem). There exists an isomorphism
Proof. Let P, P ′ be corresponding Gr-categories associated to the crossed modules B → D, B ′ → D ′ , and (F, F ) , (G, G) : P → P ′ be two Gr-functors of the form (f 1 , f 0 ). Then F = G and by Proposition 4, F = c and G = c ′ are constants satisfying the rule (7)
We show that a = c − c ′ is a homotopy of (F, F ) and (G, G), i.e.,
[F ] = [G]
and hence, Φ is a map on the homsets
. Indeed, the naturality of a is trivial. The commutativity of the diagram
Since c, c ′ satisfy the rule (7), so does a. Now, since c, c ′ ∈ Kerd ′ , so the above relation holds.
Since the homotopy between Gr-functors is strong, Φ is an injection. By Proposition 5, every single Gr-functor F : P B→D → P ′ B ′ →D ′ determines a morphism (f 1 , f 0 ) of crossed modules, and clearly Φ(f 1 , f 0 ) = [F ] . Thus, Φ is a surjection on morphisms.
By the construction of the Gr-category associated to a crossed module, Φ is a bijection on objects. Thus, Φ is an isomorphism.
Extensions of groups of the type of a crossed module
We now recall the notion of an extension of groups of the type of a crossed module due to Taylor [11] and Dedeker [6] (see also [4] ). 
where the top row is exact, and the family (B, E, j, θ ′ ) is a crossed module where θ ′ is given by conjugation, and (id, ε) is a morphism of crossed modules.
Two extensions of B by Q of type
where q is a canonical homomorphism, since the top row is exact and In the present paper, we use the obstruction theory of Gr-functors to prove Theorem 5.2 [3] . Further, the second assertion of this theorem can be seen as a consequence of Schreier Theory (Theorem 9) by Gr-functors between strict Gr-categories P B→D and DisQ, where DisQ is a Gr-category of type (Q, 0, 0).
The homomorphism ψ : Q → Cokerd induces an obstruction
Under this notion of obstruction, we state and prove the following theorem. Such extension E F is called an extension associated to the Gr-functor F .
Proof. By Lemma 1, (F, F ) induces a Gr-functor S F : DisQ → S P of type (ψ, 0). Let (H, H) : S P → P be a canonical Gr-functor defined by the stick (x s , i x ). By (1),
Also by Lemma 1, (F, F ) is homotopic to the composition
So we can choose (F, F ) = (H, H) • (S F , S F ). Then, by the determination of HS F ,
By the compatibility of (F, F ) with the strict constraints of DisQ and P, f is a "normal" function satisfying
The function ϕ : Q → Aut B given by
Indeed, by (12) and h(u, v) ∈ Ker d, we have
The pair (ϕ, f ) satisfies (13) and (14), so it is a factor set, and therefore one can define the crossed product E 0 = [B, ϕ, f, Q] (see [8] ), i.e., E 0 = B × Q with the operation
The unit is (0, 1) and −(b, u) = (c, u −1 ), where ϕ(u)c = −b − f (u, u −1 ). Then, we have an exact sequence
Clearly, j 0 (B) is a normal subgroup in E 0 , so j 0 : B → E 0 is a crossed module in which the action θ ′ : E 0 → AutB is given by conjugation. We define a group homomorphism ε :
Therefore, we have an extension
The proof of Theorem 7
Proof. Let's recall that P is the Gr-category associated to the crossed module B → D. Then, its reduced Gr-category is S P = (Cokerd, Kerd, k), where k ∈ Z 3 (Cokerd, Kerd). The pair
has −ψ * k as an obstruction. By the assumption, ψ * k = 0, hence by Proposition 2 it determines a Gr-functor (Ψ, Ψ) : DisQ → S P . Then the composition of (Ψ, Ψ) and (H, H) : S P →P is a Gr-functor (F, F ) : DisQ→P, and by Lemma 8 we obtain an associated extension E F .
Conversely, suppose that there is an extension as in the diagram (10) . Let P ′ be the category associated to the crossed module B → E. By Proposition 4, there is a Gr-functor F : P ′ → P. Since the reduced Gr-category of P ′ is DisQ, by Lemma 1 F induces a Gr-functor of type (ψ, 0) from DisQ to (Cokerd, Kerd, k). Now, by Proposition 2, the obstruction of the pair (ψ, 0) must vanish in H 3 (Q, Kerd), i.e. ψ * k = 0.
The final assertion of the theorem is obtained from Proposition 4.
Theorem 9 (Schreier Theory for extensions of the type of a crossed module). There is a bijection
Proof.
Step 1: Gr-functors (F, F ) and (F ′ , F ′ ) are homotopic if and only if the corresponding associated extensions E F , E F ′ are equivalent. Let F, F ′ : DisQ → P be homotopic by a homotopy α : F → F ′ . By Lemma 8, there exist the extensions E F and E F ′ associated to F and F ′ , respectively. By the definition of Gr-morphisms, the following diagram commutes F uF v F (uv)
That means
It remains to show that ε ′ α * = ε. Since α : F → F ′ is a homotopy, and by (11) ,
That means E F and E F ′ are equivalent. Conversely, if α * : E → E ′ is an isomorphism then
where α : Q → B is a function satisfying α 1 = 0. By retracing our steps, α is a homotopy of F and F ′ .
Step 2: Ω is a surjection.
Assume that E is an extension E of B by Q of type B → D inducing ψ : Q → Coker d as in the commutative diagram (10) . We prove that E is equivalent to an extension E F which is associated to a Gr-functor (F, F ) : DisQ → P.
Let P ′ be the Gr-category associated to the crossed module (B, E, j, θ ′ ). Then, by Proposition 4, the pair (id B , ε) determines a single Gr-functor (K, K) : P ′ → P. Since π 0 P ′ = Q, π 1 P ′ = 0, then S P ′ = DisQ.
Choose the stick (e u , i e ), e ∈ E, u ∈ Q in P ′ , i.e., {e u } is a representative of Q in E. By (1), the canonical Gr-functor (H ′ , H ′ ) : Dis Q → P ′ is given by H ′ (u) = e u , H ′ u,v = −i eu+ev = h ′ (u, v).
Then the composition F = KH ′ determines a Gr-functor Dis Q → P, where
By Lemma 8, we determine an extension E F of the crossed product E 0 =The relation (16) holds since (id B , ε) is a morphism of crossed modules, the relation (17) holds thanks to the definition of morphism in P ′ . Each element of E is presented uniquely as b + e u , b ∈ B, so one can define a map η : E 0 → E, (b, u) → b + e u By the relations (16) and (17), η is an isomorphism. Finally, choose the representative e u such that ε(e u ) = x ψ(u) .
Indeed, from (10) we have q(ε(e u )) = ψp(e u ) = ψ(u). Then εη(b, u) = ε(b + e u ) = ε(b)ε(e u ) = d(b)x ψ(u) = ε 0 (b, u).
Thus, E and E F are equivalent. This completes the proof. 
